Abstract. We prove that a certain positivity condition, considerably more general than pseudoconvexity, enables one to conclude that the regular order of contact and singular order of contact agree when these numbers are 4. AMS Classification Numbers: 32F18, 32T25, 32T27, 32U05, 32V35.
introduction
Let (M, p) be the germ of a smooth real submanifold of complex Euclidean space C n . It is natural to ask whether there are any positive dimensional complex analytic germs (V, p) contained in (M, p) , and if not, how close such varieties can contact M at p. When M is a real hypersurface, the book [D] discusses this problem and its relationship to estimates for the ∂-Neumann problem. See also [C] , [D1] , [DF] , and [K] . This paper returns to these matters and corrects an error in [D] , where the hypothesis of pseudoconvexity was omitted in the statement of a minor result.
One of the crucial issues in the above discussion involves singularities. Suppose for example that (V, 0) is the germ at the origin of an irreducible complex analytic 1-dimensional variety in C n that is singular at 0. Assume V is locally defined by holomorphic functions f 1 , ..., f k and consider the real hypersurface M in C 
The germ (M, 0) thus contains the singular holomorphic curve (V, 0), but by the above assumptions, no non-singular one. The general theory from [D] and [D1] therefore must consider singularities. One naturally asks under what geometric information it suffices to consider only non-singular curves. McNeal [M] and Boas-Straube [BS] showed, when M bounds a convex domain, that one need consider only smooth complex varieties in the discussion. The same conclusion holds for pseudoconvex Reinhardt domains ([FIK] ).
Let ∆ q (M, p) denote the maximum order of contact of a q-dimensional complex analytic variety with M at p, as defined in [D1] . Let ∆ reg q (M, p) denote the maximum order of contact of a q-dimensional complex analytic manifold with M at p. When M bounds a domain that is convex near p or bounds a pseudoconvex 1 Reinhardt domain, the above authors showed that
Kohn [K] had noted this equality when M is pseudoconvex and ∆ reg q (M, p) = 2. Remark 1.1. There are several distinct ways to define the order of contact of a singular complex variety of dimension larger than 1 with a real hypersurface. When q > 1, the number ∆ q (M, p) need not equal the measurement defined in [C] , although the measurements are simultaneously finite. See [BN] , [BN1] , and [F] for examples and inequalities relating these numbers.
In this paper we consider only the case when q = 1. In [D] the author stated that
The author had intended to assume M was pseudoconvex near p, but incorrectly omitted this hypothesis. McNeal and Mernik [MM] gave an example of a hypersurface M in In order to state the main result of this paper, we recall a positivity property PS for functions from [D1] . We then extend this concept to a positivity property, considerably weaker than pseudoconvexity, for germs of real hypersurfaces. We provide a simple proof that this more general property implies the above equality.
We use the words pure terms for any harmonic polynomial and mixed terms for any sum of monomials that are neither holomorphic nor anti-holomorphic. Definition 1.1. Let g : (C n , 0) → (R, 0) be the germ of a smooth function. We say that g satisfies property PS if, whenever z : (C, 0) → (C n , 0) is the germ of a holomorphic map for which the pullback z * g vanishes to finite order, the order 2k is even and the Taylor coefficient of |t| 2k is positive.
In Definition 1.1 we allow the function z * g to vanish to infinite order. In this paper, however, we will always be in the finite type situation; every pullback to a non-constant map vanishes to finite order.
Property PS has a simple interpretation in terms of the Laplacian. Let t be a complex variable.
is a constant times the usual Laplacian. Let u be a smooth function defined near 0 in C with u(0) = 0. If u vanishes to even order at 0, then the lowest order terms in its Taylor series can be written
Here p is a trig polynomial. Property PS guarantees that (L k u)(0) = (k!) 2 c k > 0. The coefficient c k is the average value of p on the circle. A strictly subharmonic function which vanishes to order two at 0 satisfies PS with k = 1. A smooth subharmonic function that vanishes to finite order 2k at 0, and whose Taylor expansion up to that order has no pure terms, satisfies PS as well.
If r is plurisubharmonic, and z is as in Definition 1.1, then z * r is subharmonic. Thus plurisubharmonic functions with no pure terms satisfy property PS. This property depends only on the Taylor series of r at 0, whereas plurisubharmonicity depends on the values of r in a neighborhood of 0. Remark 1.2. We use the term "property PS" for the following reason. In [D1] the author called essentially the same concept "property P". The concept was defined there only for functions, rather than for hypersurfaces. Later Catlin used the term "property P" for a completely different notion that implies compactness for the ∂-Neumann problem. The term, as used by Catlin, has become standard in subsequent work of many authors. See [BN] for a brief mention of this matter.
We write C ∞ p for the ring of germs of smooth functions at p. Let (M, 0) be the germ of a smooth real hypersurface in C n and let r be a generator of the principal ideal in C ∞ 0 of functions vanishing on M . We refer to r as a defining function for (M, 0) . Let j k r denote the k-th order Taylor polynomial of r at the origin. We wish to define property PS for the germ (M, 0) .
Since (M, 0) is a hypersurface, dr(0) = 0. For k ≥ 2 we can write
where h k is a holomorphic polynomial with dh k (0) = 0 and g k is a polynomial containing only mixed terms. We want the restriction of g k to the complex hypersurface defined by h k = 0 to satisfy PS. We denote this restriction by G k . When (M, 0) is real-analytic, we can write r = 2Re(h) + g with h a holomorphic germ and g a real-analytic germ. In the C ∞ case, however, h and g become formal power series. We avoid this problem as follows. Definition 1.2. Let (M, 0) be the germ of a smooth real hypersurface in C n . We say that (M, 0) satisfies PS if the following holds. There is an integer k 0 such that, whenever k ≥ k 0 , we can find a defining function r k such that (2) holds, and the function G k satisfies PS.
The reader might wonder about the meaning of the stabilization condition in Definition 1.2. The next example and subsequent remark illustrate the idea. Example 1.1. Consider the function r given for m ≥ 3 by
After setting z 3 = 0, the restriction satisfies PS at 0, but its k-th order Taylor polynomial does not when k = 2m − 1. We need k ≥ 2m to ensure that PS holds.
Remark 1.3. Let (M k , 0) denote the germ defined by (2) and let J k denote the ideal in C ∞ 0 defined by j k r. Recall from [D] that (M, 0) is finite type if and only if there is an integer k 0 such that ∆ 1 (J k ) = ∆ 1 (J k0 ) for k ≥ k 0 , where ∆ is defined in Definition 2.1 below. Thus finite type is a finitely determined condition. In this paper we are concerned only with the simple case of hypersurface germs of type 4. In this case Theorem 1.1 enables us to ignore singular curves.
We give one more class of functions whose germs satisfy PS. Example 1.2. Put r(z) = 2Re(z n ) + g(ζ) where z = (ζ, z n ) and g is C ∞ . Assume its Taylor series contains no pure terms. Then (M, 0) satisfies PS whenever g does, such as when g is plurisubharmonic. For example, (M, 0) satisfies PS whenever r(z) = 2Re(z n ) = 
See for example [K] . No such conclusion is possible when ∆
2. proof of Theorem 1.1
Following [D] or [D1] , we define both notions of order of contact. Let C denote the collection of germs of nonconstant holomorphic maps z : (C, 0) → (C n , 0). For a germ r : (C n , 0) → (R, 0) of a smooth function we write ν(r) for its order of vanishing at 0. We also write ν(z) for the order of vanishing of a holomorphic map germ z ∈ C. Let C * denote the collection of elements z in C for which ν(z) = 1. As usual z * r denotes the (germ of a) map t → r(z(t)).
When (M, 0) is the germ of a real hypersurface, the ideal J of germs vanishing on it is principal. When r is a generator of this ideal, the infima in Definition 2.1 are attained when h = r. When the supremum is finite, only finitely many derivatives matter, and therefore many curves realize the supremum. When (M, 0) contains a unique holomorphic curve, the supremum is infinite and realized by only one curve. An example is given by r(z) = 2Re(z 3 ) + |z
The unique curve is given by z(t) = (t 3 , t 2 , 0). We write ∆ 1 (M, 0) for ∆ 1 (J). We now prove Theorem 1.1.
Proof. The proof combines property PS with a Faa di Bruno formula for powers of the Laplacian of the composite function z * r. Let p be the origin in C n and let r generate the ideal of germs of smooth functions vanishing on (M, 0) . We may choose coordinates such that ζ = (z 1 , ..., z n−1 ) and
where g has no pure terms in its Taylor series up to as high an order as we desire.
There are many curves of maximum order of contact, that is, achieving the supremum in Definition 2.1. It is noted in [D] that one of these curves will satisfy z n (t) = 0. The problem therefore reduces to showing the following. If there is a singular curve of multiplicity m and with contact 4m, then there is a non-singular curve with contact 4. Assume g(ζ) satisfies PS. Let z be a curve for which ν(z) = m. Suppose that ν(z * r) = 4m. We will find a curve η with ν(η) = 1 and ν(z * r) = 4. We may assume that (
Since PS holds, and we are assuming that ν(z * r) = 4m, we know that L 2m (z * g)(0) = 0. We also are assuming that z (j) (0) = 0 for 0 ≤ j ≤ m − 1, but z (m) (0) = 0.
In the following we will write z (j) to denote the j-th derivative of z evaluated at 0. When j = 1 we write z ′ and when j = 2 we write z ′′ . Thus z ′ and z ′′ are constant vectors. Let D ab denote the symmetric multilinear form of type (a, b) defined by the derivatives of g at the origin. Here there are a holomorphic derivatives and b barred derivatives. Thus, for example,
We will work only with the notation on the left-hand side of these formulas. We compute the first and second powers of the Laplacian on z * g:
. (4) 
